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■ Abstract. Let G be a connected semisimple algebraic group over an algebraically closed 

' field of characteristic zero, and let 8 be an automorphism of G. We give a characterization of 

0-twisted spherical conjugacy classes in G by a formula for their dimensions in terms of certain 
elements in the Weyl group of G, generalizing a result of N. Cantarini, G. Carnovale, and M. 
Costantini when 8 is the identity automorphism. For G simple and 8 an outer automorphism 
of G, we also classify the Weyl group elements that appear in the dimension formula. 



R 

(V ] 1. Introduction 

I. 1. The main results. Let G be a connected semisimple algebraic group over an alge- 
braically closed field k of characteristic zero. For an automorphism 9 G Aut(G) of G, define 
the 0-twisted conjugation of G on itself by gi -q g = gig9(g\)~ 1 for g\,g G G, and call its 
orbits the 0-twisted conjugacy classes in G. A 6>-twisted conjugacy class C in G is said to be 
spherical if a Borel subgroup of G has an open orbit in C. 

Fix a Borel subgroup B of G and a maximal torus H C B, and let Aut'(G) = {9 G Aut(G) : 
9(B) = B, 9(H) = H}. Throughout the paper, we assume that 9 G Aut'(G) ( see Remark ll.2p . 

Let W = Ng(H)/H be the Weyl group, where Nq{H) is the stabilizer subgroup of H in 
G, and let I be the length function on W. For w G W, denote by rk(l — w9) the rank of the 
linear operator 1 — w9 on the Lie algebra t) of H. For a 0-twisted conjugacy class C in G, let 
m c be the unique element in W such that C n (Bm c B) is dense in C. In the first part of the 
paper, we prove the following characterization of (9-twisted spherical conjugacy classes in G. 

>< 

Theorem 1.1. For 9 G Aut'(G), a 9-twisted conjugacy class C C G is spherical if and only if 
(1.1) dimC = /(m c ) + rk(l-m c 6»). 

When 9 = Ida, the identity automorphism of G, Theorem 1 1.1 1 is proved by N. Cantarini, G. 
Carnovale, and M. Costantini in pQ by a case-by-case checking that depends on the classifica- 
tion of all spherical conjugacy classes in G (for G simple). Formula (jl.ip is then used in [1] to 
prove the De Concini-Kac-Procesi conjecture on representations of the quantized enveloping 
algebra of G at roots of unity over spherical conjugacy classes. A different proof of Theorem 

II. 11 for 9 = Idc, which is also valid when the characteristic of k is an odd good prime for G, is 
given by G. Carnovale in [2], where the proof does not require a classification of spherical con- 
jugacy classes in G but it also depends on some case-by-case computations. When 9 2 = Idc 
and C is the 0-twisted conjugacy class through the identity element of G, (jl.ip follows from 
standard results on symmetric spaces (see ^2.3|) . 

In £j2j we give a direct proof of Theorem 11.11 
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For 8 = Idc, the elements m c play an important role in the study of spherical conjugacy 
classes. In particular, it is shown by M. Costantini [5] that the coordinate ring of a spherical 
conjugacy class C as a G-module is almost entirely determined by m c (see Theorem 3.22]). 
For G simple and of classical type and for 8 = Idc, the element m c for every conjugacy class 
in G is computed explicitly in [3]. The second part of the paper concerns the set 

(1.2) Me = {m c : C is a ^-twisted conjugacy class in G} C W 

for an arbitrary 8 G Aut'(G). The set Me depends only on the isogeny class of G ([3 Remark 
2]) and the automorphism of the Dynkin diagram of G induced by 8 (Remark 1 1 . 2[> . Let 

(1.3) Me = {m £W: m is the unique maximal length element 

in its 0-twisted conjugacy class in W}. 

(See gH]). By [3, Corollary 2.15], Me C Me. 

For G simple and 8 an inner automorphism of G, it is shown in [3l §3] that Me = Me 
and elements in Me are classified in [3l §3] using results from [TJ [2]. For G simple and 9 
an outer automorphism of G, we prove in Theorem 13.81 that, again, Me = Me, and we give 
in Proposition 13.71 the complete list of elements in Me- It turns out that if 9 induces an 
order 2 automorphism of the Dynkin diagram, the list of elements in Me coincides with that 
of T. A. Springer in [9j Table 2], and if G = D\ and 9 has order 3, Me has two elements. 
The classification of elements in Me gives restrictions on the possible dimensions of 6>-twisted 
conjugacy classes in G. See Example 13.91 

1.2. Notation. Let A+ and T C A+ be the sets of positive and simple roots determined by 
{B,H) and write a > (resp. a < 0) for a G A + (resp. a G — A+). Let iV and be 
respectively the uniradicals of B and the opposite Borel subgroup B-. The Lie algebras of 
G, B, H, N, and are respectively denoted by g,b,h,n, and n_. For a G A + , s a denotes 
the corresponding reflection in W. For each w S W, we fix a representative w of w in Nq(H). 

For 9 G Aut'(G), we use the same letter to denote the action of 9 on A + , and when necessary, 
we write 8 £ Aut(r) to indicate that 9 is regarded as an automorphism of the Dynkin diagram. 
The induced action of 9 on g is also denoted by 8. 

For g G G, Ad g denotes both the conjugation on G by g and the induced map on q. For a 
set V and a map a : V — > V, we let V a = {x G V : a(x) = x}. 

Remark 1.2. For an arbitrary 9\ G Aut(G), there exists go G G such that Ad go (B) = 8\{B) 
and A.d go (H) = 9\(H), so 8 = Ad^ 1 o9\ G Aut'(G), and the right translation by go in G maps 
#i-twisted conjugacy classes in G to 0-twisted conjugacy classes in G. We can thus assume 
throughout the paper that 8 G Aut (G). Moreover, if 8 and 8' G Aut (G) are in the same inner 
class, i.e., if they induce the same automorphism on the Dynkin diagram, then 8 = Ad^ o 8' 
for some h G H, and it follows that Me = Me 1 - 

1.3. Acknowledgment. The author would like to thank G. Carnovale, K. Y. Chan and G. 
Lusztig for discussions and for answering questions. The author is especially grateful to G. 
Carnovale and M. Costantini for pointing out some of the results in [6]. Research in this paper 
was partially supported by HKRGC grants 703405 and 703707. 
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2. Proof of Theorem 11.11 



2.1. Two lemmas on S-orbits in G. Recall that -g denotes the 0-twisted conjugacy action 
of G on itself. For g G G, let B g be the stabilizer subgroup of B at g. The following 
generalization of [TJ Theorem 5] is proved in [6l Theorem 4.1]. We include the (short) proof 
for the convenience of the reader and to make the proof of Theorem 11.11 self-contained. 



Lemma 2.1. [6] For any w £W and g G wB, one hasBg C H w6 (NnAd w (N)). Consequently, 



Proof. Let b = n x n 2 h G B g , where h G H, n x G N n Ad w (N_) and n 2 G N n Ad^(iV). It 
follows from 6g = g#(6) and the unique decomposition BwB = (ND Ad w (N-))wB that n\ = 1 
and w0(/i) = fc. Thus S s C H w6 (N n Ad^(iV)), and 



Lemma 2.2. Ifw€W and g G are suc/i i/iai B -g g is open in G -g g, then B g is an open 
subgroup of H wd (N n Ad w (N)). 

Proof. Let g g = {x G g : Ad g 9(x) = x} be the stabilizer subalgebra of g at g for the 0-twisted 
conjugation action, and let b g = b C\g g . By Lemma [2TT] b g C i) w9 + n(~l Ad^(n). It remains to 
prove that tj^ + nn Ad^(n) C b 9 . 

Let xo G h,™ 6 and x + G n n Ad^(tl), and let z = (Ad 9 6')~ 1 (x + + Xq) — (x + + xq) so that 
Ad 9 #(,z + x + + xo) = x + + xo- Using the fact that Adb(xo) — xq G n for any b £ B, one sees 
that z G n. We now show that z = 0. To this end, let ( , ) be the Killing form of g. Since 
B -q g is open in G -g g, the inclusion b )■ induces an isomorphism b/b 9 = fl/0 9 . Thus for 
any y G g, there exists y' G b such that y — y' £ g g , and, using (z, y') = 0, one has 

(z, y) = (z + x+ + x , y-y) - (x + + x , y - y') 

= {z + x + + x , y- y') - (Ad g 6{z + x + + x ), Ad 9 % - y')) = 0. 

It follows that z = and hence x + + xq G b 9 . Therefore b 9 = \] w6 + n (~l Ad^(n). 



2.2. Proof of Theorem 11.11 Let C be a ^-twisted conjugacy class in G. Assume first that 
dimC = l(m c ) +rk(l — m c 6). By Lemma |2.1| every 5-orbit in C n (Bm c B) is open in C, so 
C is spherical. 

Assume that C is spherical. Let g G C be such that B -g g is open in C, and let G BwB 
with ui G W. Then C D (BwB) D B -g g is dense in C, so w = m c . By Lemma 12.21 



dim B - e g> l(w) +rk(l - w6). 



dim B -g g = dim B - dim B g > dim 5 - dim(A r n Ad^ (iV) ) - dim £f 
= l(w) + rk(l - tof). 



Q.E.D. 



Q.E.D. 



dim C = dim b — dim b 9 = l(m c ) + rk(l — m c 9). 



This finishes the proof of Theorem 11.11 
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Remark 2.3. For 9 = Idc, Lemma 12.21 is also proved in [2J by some case-by-case arguments. 
On the other hand, the arguments in [2] are valid when the characteristic of k is an odd good 
prime for G, while our proof of Lemma [2.21 is valid when the Killing for of q is non-degenerate 
and when one has the identifications of tangent spaces T g (B-gg) = b/b g and T g (G-gg) = g/g g , 
which hold when k is of characteristic zero. 

2.3. The case of symmetric spaces. Assume that 9 G Aut'(G) is an involution, and let 
K = G e be the fixed point subgroup of 9 in G. Then the 0-twisted conjugacy class C of 
the identity element of G is isomorphic to the symmetric space G/K, and it is well-known 
[8J that G/K is spherical. In this case, formula (jl.ip for the dimension of G/K follows from 
results in [8j. Indeed, using the notation in [8j §5], let v° be the unique open £>-orbit in G/K 
and let w° = <f>(v°) G W. Then w° = m c , and it is easy to see from [8j Corollary 4.9] that 
dimG/K = iCard(C" ) + Card(/^,) + Z(w ) + rk(l-ri; 6l), where the notation is as on [8j Page 
535]. By [8J Theorem 5.2(i)], C%o n T = 0. For every /3 > 0, writing p = ft + ft, where ft is 
in the linear span of II C T in the notation of [SJ Theorem 5.2(h)] and ft is in the linear span 
of r\II, one has w°9{f3) = ft + w°9(fo), so by [8j Theorem 5.2(h)], w°9(f3) > implies that 
ft = and thus w°9{f3) = ft This shows that C" = and that every (3 € I v o is in the linear 
span of II, which, by [8j Theorem 5.2(i)], consists of all simple compact imaginary roots. It 
follows that iJS, = 0. Thus dimG/K = l(w°) + rk(l - w°9). 

3. The elements m c 

3.1. Properties ofm£ A^e- Any 5 G Aut(r) induces an automorphism on the Weyl group 
W, also denoted by 5, by S(w) = 5 o w o <5 _1 : f) — >• f). Define the <5-twisted conjugacy of VF on 
itself by ■$ v = ^^^(tf;)" 1 for w,v £ W and call its orbits 5-twisted conjugacy classes in W . 
Let wq be the longest element in W, and let 5o be the automorphism of T given by 8o(a) = —a 
for a € T. The automorphism on PF induced by 5o is then given by 5o(w) = wowwo for w € W. 
Throughout this section, 9 E Aut(r), and Mg C W is defined as in (jl.3p . 

Lemma 3.1. If m £ M.g, then 9{m) = 5o(m) = m. 

Proof. Let m S A4g. Then 0(m) = m~ 1 m9(m) is in the same ^-twisted conjugacy class as 
m, and l(9(m)) = l(m). Thus 6(m) = m. Similarly, since 9 permutes the simple roots, 
6{wq) = wq. It follows that womwo and m are in the same 0-twisted conjugacy class in W. 
Since l(womwo) = l(m), one has womwo = in. 

Q.E.D. 

For I C T, let wo,/ be the longest element in the subgroup Wi of W generated by /. 
The following Lemma 13.21 is proved in [5J §3] when 9 is the identity automorphism of T. 

Lemma 3.2. If m G A4e, i/ien worn = mtfo = wo^, where I = {a G T : m9(a) = a}. In 
particular, I is both 6q and 9 invariant, and 5q9{o) = —woj(a) for every a € I. 

Proof. Let 5 = 5$9 G Aut(r). Then the map W — > W : w i-> wwo maps 0-twisted conjugacy 
classes in W to 5- twisted conjugacy classes in W. 
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Let m £ A4g, and let x = mwo. Then x is a unique minimal length element in its 5- 
twisted conjugacy class in W. Let x = s ai s a2 • • • Sa k be a reduced word for x. Let I' = 
{ai,a2, ■ ■ ■ ,otk}- Then x £ Wp. We first show that x = Wqji. To this end, it is enough to 
show that x(cij) < for every 1 < j < k. Since xs ak < x, we already know that x(ctk) < 0. If 
k = 1, we are done. Suppose that k > 2. Let fi^ = <5 _1 (afc) £ T, and let 

(3.1) Xl = Sp k x8{sp k ) = Sp k XS ak = S ft S Ql • • • S Cffc _ 1 . 

Since is the minimal length of elements in the 5- twisted conjugacy class of x in W, we 
have l(xi) > k. It follows from (|3.ip that l(x\) < k, so /(xi) = k. Since x is the unique 
element in its 5-twisted conjugacy class in W with length k, we have xi = x. In particular, 
x = x\ = sp k s ai • • • s ak _ 1 is a reduced word for x, so x{a.k-i) < 0. Repeating this process, 
we see that x(ay) < for every 1 < j < k. Thus x = w^rn = mvjQ = wqp. It follows from 
Lemma O that 5 (I') = 6(1') = I'. 

We now show that I' = I. For any a S since m(a) = WQWQj'(a) > 0, one has 
l{6^ 1 {s a )ms a ) > l(m). Since m G TWg, one has 6~ l (s a )ms a = m, so _1 (a) = m(a) and 
a € /. Conversely, let a £ I. If a ^ then wo m («) = ^o./K ) > 0' so ^(a) < 0, 
contradicting the fact that m(a) = _1 (a) > 0. Thus I' = I. It follows from the definition of 
/ that 5o9(a) = —woj(a) for every a £ I. 

Q.E.D. 

An element w € TV is said to be a (9-twisted involution if 9{w) = w . 

Corollary 3.3. Every m € Me is both an involution and a 9-twisted involution. 

Proof. Let m € M.q and let the notation be as in Lemma [3721 Then m? = wqWqjWqjWq = 1. 
Since 6{m) = m, one also has 9{m) = m . 

Q.E.D. 

Definition 3.4. A subset / of T is said to have Property (1) if / is both 5q and 9 invariant 
and if 5o6(a) = —wo t i(a) for all a £ I. 

By Lemma 13.2} every m € AAq is of the form m = wowo,i for some I C T with Property 
(1). The following Definition 13.51 is inspired by [21 Lemma 4.1]. 

Definition 3.5. For a subset / of T, an a € / is said to be isolated if {a, a') = for every 
a' G /\{a}. A subset I of T is said to have Property (2) if for every isolated a £ I, there is 
no f3 £ T\{a} with the following properties 

(a) (a, a) = (/3,/3) and (P,a) + 0; 

(b) (p, a') = for all a' £ I\{a}; 

(c) 5 9(f3) = p. 

Lemma 3.6. For every m £ Mg, I m = {a £ T : m0(a) = a} C T has Property (2). 
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Proof. Let m G Mg. Suppose that a G I m is isolated and that there exists /3 G T\{a} with 
properties (a), (b), and (c) in Definition 13.51 Let I' m = I m \{a}. Since a G J m is isolated, 
u>o,7 m = s a w ,4, so by (b) and (c), m0(/3) = w j m w 9(P) = -s a w 0jIin (P) = s a (/3), and 

By (a), SqS^qS^o = sp, so s a spms e ^- ) s dipi ) = spms eipi ) = sps a m. Since m _1 (a) = 8(a) > 0, 
l(sps a m) > Urn). Since s a spm is in the same 0-twisted conjugacy class as m, we have 
sps a m = m, or = 1, which is a contradiction. 

Q.E.D. 

3.2. The classification of m G A^g. For 8 G Aut(r), let I# be the collection of all subsets 
/ of T that have Properties (1) and (2). Note that the empty set is always in Ig. Also note 
that if 9 € Aut(r) is not the identity automorphism, then T does not have Property (1), so 
Tile. 

Proposition 3.7. 1) For G = D4 and 8 G Aut(r) of order 3, I € Ig if and only if I = or 
I = {02}, where 02 is the simple root that is not orthogonal to any of the other three. 

2) For G simple and 8 G Aut(r) of order 2, the list for I E Ig is the same as that given in 
Table 2], namely, either I is the empty set or I is one the following: 

A2n, n > 1, 9 = Sq: no non-empty I in Ig. 

A 2n +i, n > 1, 9 = 6 : I = {a 2 i + i :0<l<n}. 

-D4 : / = {02} U r(2, 9), where T(2, 9) is the 8 -orbit in V with 2 elements. 
D 2n , n > 2, 9(a2n-i) = a 2n : h = T\{ai,a 2 , ■ ■ ■ , «2«-i} for 1 < I < n - 1. 
D 2n+ i, n>2, 9 = S : h = T\{ai,a 2 , . . . , a 2 n} for 1 <l <n. 
Eq, 9 = 5q: I = {03,04,05} with the simple roots labeled as 

Ql «3 «4 «5 Q6 
o o o o o 

o a 2 

Proof. 1) is easy to deduce and 2) is proved case-by-case. We omit the details. 

Q.E.D. 

By Lemma 13.21 and Lemma 13.61 we have the well-defined map 

ip : Mg — > Ig : m 1 — > I m = {a £ T : m6(a) = a}. 

Since m = woWoj m for every m € Mg, the map ip is injective. 

Assume now 8 G Aut'(G), and let Mg C W be defined as in (|1.2p . By Remark [L2l Mg 
depends only on the corresponding 8 G Aut(r). Let tp : Mg — > Ig be the restriction of ip to 
Mg C Mg. 

Theorem 3.8. For G simple and 8 G Aut'(G) an outer automorphism of G, the map ip : 

Mg — > Ig is bijective. Consequently, 

Mg = Mg = {w w j : I G Ig}. 
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Proof. It is enough to prove that tjj is surjective, and we may assume that G is adjoint. 

First assume that 9 G Aut(r) has order 2, and let I G Ig. By Proposition 13.71 I is in [91 
Table 2], so (I,5q9) is admissible in the sense of [91 No. 2.2]. By [91 No. 4 and No. 5], there 
exists h £ H such that Ad^O G Aut(G) is an involution and that wqWqj = m c , where C is 
the 0-twisted conjugacy class through h. In particular, wqWqj € M.g. 

It remains to consider the case of G = D,± with 9 G Aut(T) having order 3. It is clear that 
= m c if C is the 6>-twisted conjugacy class of wq, so wo G M.g. We only need to show 
that wqS2 G Mg. To this end, we may, by Remark 11.21 assume that 9 G Aut'(G) is a diagram 
automorphism of G in the sense that 9ox a = xg a for a G I, where for each a G I, x a : k a — > G 
is a fixed choice of one-parameter root subgroup corresponding to a. In particular, 9 3 = Ida- 
Let C e be the 0-twisted conjugacy class through the identity element e of G. It is well-known 
that q® is of type G2 [7, Chapter 24] so it is 14-dimensional. Thus 

dimC e = dimC - 14 = 14 = l(wos 2 ) +rk(l - w s 2 9). 

Since 1(wq) + rk(l — w$9) = 16, we know by Lemma I2TT1 that m Ce ^ wq so m Ce = wqS2- In 
particular, wqS2 G Aig and C e is spherical. See [6l §4.5] for another proof of the fact that 
W0S2 G Aig and that C e is spherical. 

Q.E.D. 

Example 3.9. Let G = D4 be of adjoint type, and let 9 G Aut'(G) be a triality automorphism 
of G as in the proof of Theorem l3.8l Since l(woS2)+A(l—Wos 2 0) = 14 and /(u>o)+rk(l— wq9) = 
16, dimC > 14 for every 0-twisted conjugacy class C in G, and, by Theorem ll.il dimC = 14 
or 16 if C is spherical. 

Recall from [10] that a 0-twisted conjugacy class is semisimple if it contains an element in 
H. For h G H, let Ch C G be the 0-twisted conjugacy class of h. Label the simple roots as 
r = {ay : 1 < J < 4} such that #(02) = 02, 9(a±) = 03,9(03) = 04, and #(04) = ot\. We 
now show that if h a2 = h ai h a3 h a4 = 1, then m Ch = w$S2 and Ch is spherical, and otherwise, 
m Ch = wq and dimC^ > 20, so Ch is not spherical. Here, for a character [i on H, W denotes 
the value of \x on h. 

Label the positive roots in A + \r as 

OC5 = Oil + 0<2, «6 = «2 + «3i "7 = Ci2 + 04, 

Q8 = Oil + CK2 + 03, Og = «2 + «3 + «4, «10 = OT + «2 + «4, 
"11 = «i + «2 + «3 + 04, Oi2 = OL\ + 2tt2 + «3 + "4- 

Then {ai, 03, 04}, {as, «6, 07} and {ag, ag, aio} are the three 6>-orbits in A + of size 3 and 
Q{ot\i) = a\\ and #(0:12) = 0:12- Note that the sets {a%, a%, 024, 012}, {ct5, a^, 017, an}, and 
{as, «g, CKio, 02} consist of strongly orthogonal roots, and, with Sj denoting the reflection in 
W defined by ctj for 1 < j < 12, wo = S1S3S4S12 = S5S6S7S11 = ssSqSioS2- 

Recall that the stabilizer subalgebra of g at h is Qh = g Adgd . Since dim t) Ad ^ e = dim \f = 2, 
one has dimg^ = 2 + 2n, where n = #{i G {1,2,5,8,11,12} : \i(h) = 1}, with \i(h) = 
h a i +0(a i )+0 2 (a i ) for • G { 1)5j8 } an d Xi(h) = h a - for % G {2,11,12}. Let A(/i) = {A^/t) : % G 
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{1,2,5,8,11,12}}. Then Ai(/t) = h ai h a:i h a \ X 2 (h) = h a \ and 

A(h) = {X 1 (h), \ 2 {h), A 1 (/ l )(A 2 (^)) 3 , (X 1 (h)) 2 (X 2 (h)f, Xi(h)X 2 (h), A 1 (/ l )(A 2 (/ l )) 2 }. 

Case 1: h a2 = h ai h as h a4 = 1. In this case, n = 6, dimg h = 14, and d\m.C h = 28- 14 = 14. 
It follows from Lemma 12.11 that Ch is spherical and m Ch = wqs 2 . Note that in this case, 
(Ad/^) 3 = Idc so is again of tyep G 2 . 

Case 2: h° 2 / 1 or h ai h a3 h ai ^ 1. In this case, n < 5. In fact, it is easy to see that 
one can not have n = 5 nor n = 4, so n < 3, and dimC^ = 28 — dimg^ > 20. Thus Ch is 
not spherical. We use the approach in [6l §4.5] to prove that m Ch = wq- First assume that 
h a2 / 1. Fix a one-parameter root subgroup x a : k a — > G for a € — {a8>«9>«io} such that 
9 o x a = 20( Q ) for every a € — {as,ag,aio} (recall that 9 3 = Idc). For a,b,c,d € k\{0}, let 
g = x^ a2 (a)x- as (b)x- ag (c)x- aw (d) £ G. Then 

ghOigY 1 = x. a2 (a - h- a2 a)x. aa (b - h- a *d)x_ ag (c - h-^b)x. aw (d - h~ aw c). 

Choosing a, b, c, d such that a ^ 0,b — h~° 8 d ^ 0, c — h~ a9 b ^ and d — /i _aio c 7^ 0, one has 
gh9{g)- 1 eC h n {Bw Q B) n so m Cft = w . If /i" 2 = 1, then h ai h ai h a4 / 1. In this case, 
= /i Ql2 7^ 1. Using the fact wo = s^sqSjSu or the fact wo = S1S3S4S12 and arguments 
similar to the above, one sees that m Ch = u>o. 
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